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Drawing valid inferences from item response theory (IRT) models is contingent upon a good fit of
the data to the model. Violations of model-data fit have numerous consequences, limiting the
usefulness and applicability of the model. This instructional module provides an overview of
methods used for evaluating the fit of IRT models. Upon completing this module, the reader will
have an understanding of traditional and Bayesian approaches for evaluating model-data fit of IRT
models, the relative advantages of each approach, and the software available to implement each

method.
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tem response theory (IRT) is a widely adopted measure-

ment framework used in the design, construction, and
evaluation of educational assessments. The core principle
underlying IRT is the use of a model to specify the proba-
bility of observing each scored response category of an item
(i.e., correct or incorrect) as a function of the individual’s un-
derlying latent ability. The model linking level of latent ability
to the probability of response to an item is referred to as an
item response function (IRF). Examples of IRFs associated
with the correct response for three different multiple-choice
items are displayed in Figure 1. For each item we see that
individuals with low levels of ability have a low probability of
correct response to the item. As ability increases, so too does
the probability of correct response.

The particular shape and location of an IRF reflects the psy-
chometric properties of the item, such as difficulty, discrimi-
nation, and guessing (Hambleton, Swaminathan, & Rogers,
1991; Lord, 1980). The different forms of the three IRFs
shown in Figure 1 reflect differences in the items’ difficulty,
discrimination, and guessing. The IRF that is located fur-
thest to right reflects the highest level of difficulty (Item 1),
the IRF with the steepest slope reflects the highest degree
of discrimination (Item 2), and the IRF having a lower
asymptote near .2 reflects the highest degree of guessing
(Item 3).

Parametric IRT approaches employ mathematical models
to specify the form of the IRFs. Numerous models for speci-
fying IRFs have been proposed (see de Ayala, 2009; van der
Linden & Hambleton, 1997), and several of these models are
widely adopted in applied testing contexts (Hambleton et al.,
1991). In the case of dichotomously scored items (having the
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scored outcomes of correct and incorrect), the most flexible
of the widely adopted models is the three-parameter logistic
model (3PL; Birnbaum, 1968). Denoting the response of the
nthindividual to the 7th item bya,; = 1 for a correct response
and x,; = 0 for incorrect response, the 3PL specifies the IRF
for correct response using

exp(a; (6, —b;))

T exp(@; (6, = 0.) ()

Pui=c¢i+(1—¢)

where q; reflects item discrimination, b; reflects item diffi-
culty, ¢; reflects guessing, and 6 represents the individual’s
level of latent ability. Item 3 of Figure 1 represents a SPL
item having parameters a; = 1.0,b; = 1.5, and ¢; = 0.2. Other
widely used IRF models are constrained versions of the 3PL.
Fixing ¢; = 0 to reflect the absence of guessing yields the
two-parameter logistic model, as demonstrated by Item 2 in
Figure 1B. A further constraint of fixing a; = 1 yields the
Rasch model (Rasch, 1960/1980), represented by Item 1 in
Figure 1.

A key assumption of IRT is that each IRF of the scored data
accurately reflects the link between an individual’s latent
ability and item responses, which is commonly described as
the IRF being a good fit to the actual data. IRFs that are a good
fit to the data can yield appropriate inferences and predic-
tions. IRFs that do not demonstrate good fit to the data run the
risk of several undesirable outcomes, including biased ability
and item parameter estimates (Wainer & Thissen, 1987; Yen,
1981) that jeopardize the appropriate application of IRT mod-
elsin such areas as test development, equating, and computer
adaptive testing (Kang & Chen, 2008). The consideration of
model-data fit is an important step in test development (see
Standard 8.9 of the Standards for Educational and Psycholog-
ical Testing; AERA/APA/NCME, 1999), with misfitting items
often being discarded from the potential item pool (Sinharay,
2006; Wilson, 2005). Not surprisingly, considerable impor-
tance is attached to evaluating model-data fit of IRT models
and the procedures for evaluating fit.
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Practitioners can choose from both graphical (i.e., visual
inspection of data) and statistical approaches for evaluat-
ing model-data fit, and a wide variety of evidence should be
used when evaluating fit of IRT models (van der Linden &
Hambleton, 1997, chapter 1). However, a recent survey of
testing programs (Sinharay, Haberman, & Jia, 2011) found a
fairly limited scope of evidence regarding evaluation of model-
data fit. Among those most commonly used approaches, sev-
eral have considerable limitations, including the tendency to
indicate an item as misfitting when it is, in fact, a good fit to
the data (DeMars, 2005). In addition, Bayesian methods of
assessing model-data fit are becoming increasingly popular,
and the growing availability of software for Bayesian meth-
ods is increasing the viability of applying these approaches
in practical testing contexts. Given these considerations, an
overview of available methods will benefit practitioners by
providing a more complete toolkit for the evaluation of fit of
IRT models.

The purpose of this module is to introduce and illustrate
the application of methods used for evaluating IRT model-
data fit. We begin with a description of the concept of the
residual and graphical evaluations of model-data fit. This is
followed by a presentation of traditional methods for evalu-
ating model-data fit of IRT models, and then an introduction
to Bayesian methods for evaluating model-data fit. Numerical
examples are provided throughout, as well as a discussion of
the advantages and limitations of each of the approaches.

Model-Data Fit and Residuals

Methods for evaluating IRT model-data fit are all based on
examining how closely observed responses to an item (%,;)
match, or fit, those predicted by the item’s IRFs (P ). We
begin the discussion of model-data fit using the context of
dichotomous items, which narrows the discussion to the IRF
for the correct response (P,;1). As the difference between
Z,; and P,;1 increases, the fit of the IRF to the observed data
decreases and provides more compelling evidence of a vio-
lation of fit. The difference between a particular individual’s
response to a given item and that predicted by the IRF is
referred to as a residual (v,;), and is denoted by

Ti =& — Prit. (2)

Figure 2 provides a visual representation of these
individual-level residuals for 20 individuals to an item with an
IRF for correct response following the Rasch model (where
b; = 0). Each individual’s observed response (z,; = 0 or
Z,; = 1) is shown as a triangle. The residual associated with
each individual’s response is the difference between the ob-
served response (2,,;) and the item’s IRF associated with the
correct response (P,;;). Figure 2 illustrates that as the dis-
tance between the observed response and the IRF increases,
the residual becomes larger, and evidence of misfit is more
readily seen.

Computed residuals for each of the 20 responses shown in
Figure 2 are presented in Table 1. Residuals can be positive
or negative. A positive residual indicates the individual per-
formed better than is predicted by the IRF. This is the case
with the 8th individual in Table 1 who answered the item cor-
rectly (x,; = 1), but had a low probability of correct response
based upon the IRF (P,;; = 0.27) resulting in a residual of r,,;
=1—0.27 = 0.73. Conversely, a negative residual indicates
an individual performed worse than predicted by the IRF, as
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FIGURE 1. IRFs for the correct option of three dichotomous
items. For ltem 1, a; = 1, by = 1, ¢; = 0; for Item 2, a, =
1.75, b = 0, ¢ = 0; and for Item 3, a3 = 1, by = 0,
C3 = 0.2.
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FIGURE 2. Individual-level residuals of 20 responses to a dichoto-
mous item, following the Rasch model with b; = 0.

is the case with the 15th individual. This individual answered
the item incorrectly (x,; = 0) but had a high probability of
correct response based upon the IRF (P,;; = 0.86) resulting
in a residual of r,; = 0 — 0.86 = —0.86. Through the magni-
tude and direction (positive or negative) of the residuals, fit
can be evaluated, providing the foundation for several indices
that will be described shortly.

An inherent limitation of interpreting fit using individual-
level residuals, as described above, is that the individual-level
residuals will typically not be zero, even in the presence of
relatively good model-data fit. For example, in the case of di-
chotomous items, the observed responses (#,;) are restricted
to values of 0 or 1 and the IRF for correct response assumes
values between 0 and 1. It follows that the observed response
cannot be equal to the IRF for correct response and thus
the individual-level residual for a dichotomous item cannot
be zero. Indeed, at levels of 6 for which the IRF assumes
moderate values near .5, the individual-level residual is un-
avoidablynear .5 whenx,; = 1, and near —0.5 whenx,,; =0.To
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Table 1. Hypothetical Data Example

Individual 0 Xni P I'ni ri’. Puin x (1 — Pni1) rii/P,,,’] x (1 — p,,n)
1 —-3.8 0 0.02 —0.02 0.00 0.02 0.02
2 —-3.4 0 0.03 —0.03 0.00 0.03 0.03
3 -3 0 0.05 —0.05 0.00 0.05 0.05
4 —-2.6 0 0.07 —-0.07 0.00 0.06 0.07
5 2.2 0 0.10 —0.10 0.01 0.09 0.11
6 -1.8 0 0.14 —-0.14 0.02 0.12 0.17
7 —-1.4 0 0.20 —0.20 0.04 0.16 0.25
8 —1 1 0.27 0.73 0.53 0.20 2.72
9 —-0.6 0 0.35 —0.35 0.13 0.23 0.55
10 -0.2 0 0.45 —0.45 0.20 0.25 0.82
11 0.2 1 0.55 0.45 0.20 0.25 0.82
12 0.6 1 0.65 0.35 0.13 0.23 0.55
13 1 1 0.73 0.27 0.07 0.20 0.37
14 1.4 1 0.80 0.20 0.04 0.16 0.25
15 1.8 0 0.86 —0.86 0.74 0.12 6.05
16 2.2 1 0.90 0.10 0.01 0.09 0.11
17 2.6 1 0.93 0.07 0.00 0.06 0.07
18 3 1 0.95 0.05 0.00 0.05 0.05
19 3.4 1 0.97 0.03 0.00 0.03 0.03
20 3.8 1 0.98 0.02 0.00 0.02 0.02
Sums 2.14 2.41 13.11

Note. 0 = latent ability estimate, x,; = observed response, Ppji = predicted response based off of the IRF, r,; = residual.

circumvent this limitation, one can first group individuals ac-
cording to specific ranges of ability, referred to as bins, and
then consider the difference between the observed propor-
tion correct for each bin and the proportion correct predicted
by the IRF for each bin. Using this “binned” approach, the
residual for bin £ is given by

rni = Opit — Puit, (3)

where 0,1 represents the observed proportion of individuals
in the Ath bin having a correct response to the 7th item and
Pyi1 is the probability of correct response for that bin. The
bins will be denoted here by 2 = 1, 2, ..., H, such that #
represents the total number of bins.

An example of using bin-level residuals is shown in
Table 2, where binning is based on ability for those indi-
viduals in Table 1. For simplicity, 10 bins have been used
(H = 10), resulting in two individuals per bin. The individu-
als with the two lowest ability levels were placed in the first
bin (% =1), and so on. Examining bin 1, there were no people
answering the item correctly and the observed proportion of
people answering correctly is 0. The probability of correct
response for that bin (Py;;) is subtracted from the observed
proportion correct to arrive at the bin-level residual (ry; =
0 —0.03 = —0.03). As with individual-level residuals, these
bin-level residuals can also be positive or negative. A positive
bin-level residual indicates that as a whole, individuals in
the bin tended to perform better than predicted by the IRF
and a negative bin residual indicates the individuals in the
bin tended to perform worse than predicted. However, unlike
the individual-level residuals, the bin-level residuals can ap-
proach zero in the presence of good model-data fit, provided
sample sizes are sufficiently large.

The difference between values of Oy;; and the IRF (Py;1)
can be visually inspected to make inferences about model-
data fit through use of an empirical IRF, which plots the
values of 0y;;1 as a function of 6 to provide a visual represen-
tation of how the sample proportion correct changes across
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the 6 continuum. Examples of an empirical IRF are shown in
Figure 3 where the IRF for the correct response (solid line) is
shown in combination with the empirical IRF (dashed line)
in four different conditions. When the bin-level residuals are
small, and distributed randomly about the IRF, the empirical
IRF will follow a pattern consistent with the form of the mod-
eled IRF, and we can conclude the model is a good fit of the
data (Hambleton et al., 1991). The top panel of Figure 3 rep-
resents just such a situation. In the second panel of Figure 3,
we see an item that appears to fit individuals with moderate
and high ability, but has large residuals for individuals at the
lowest ability range. Inferences drawn for individuals with
higher ability seem appropriate with this item, but not for
individuals at the lower end of the ability continuum. Exam-
ining the shape of the empirical IRF against the IRT model
IRF in the second panel illuminates a possible source of the
model-data misfit. It appears guessing is present in the item
responses, as indicated by the empirical IRF having a lower
tail not near zero, but which is not appropriately modeled.
The third panel illustrates poor model-data fit at the higher
range of ability, and the bottom panel illustrates misfit across
the entire range of individuals.

A comprehensive discussion of evaluating fit via visual in-
spection of residuals can be found in Hambleton et al. (1991).
Whereas the visual inspect of residuals can provide useful
information in making inferences about the quality of model-
data fit, some subjective interpretation is required to deter-
mine whether model-data fit is acceptable. To remove some
of this subjective element, both individual-level and bin-level
residuals are often quantified and used in statistical tests and
indices. There are a variety of such measures with the most
commonly used and readily available measures presented
below.

Traditional Methods for Evaluating Model-Data Fit

Several different statistical approaches have been developed
for evaluating fit, all of which involve the concept of the
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Table 2. Bins Based on Ability Level, Dichotomous Item

Bock’s x? and Yen'’s Q, G?
Bin Nhit Nhi Ot Phit Fhi Element O Phit Nhi — Nhit Element
1 0 2 0 0.03 —0.03 0.05 -3.6 0.03 2 0.05
2 0 2 0 0.06 —0.06 0.12 —-2.8 0.06 2 0.12
3 0 2 0 0.12 —0.12 0.27 -2 0.12 2 0.25
4 1 2 0.5 0.23 0.27 0.79 —-1.2 0.23 1 0.34
5 0 2 0 0.40 —0.40 1.35 —-0.4 0.40 2 1.03
6 2 2 1 0.60 0.40 1.35 0.4 0.60 0 1.03
7 2 2 1 0.77 0.23 0.61 1.2 0.77 0 0.53
8 1 2 0.5 0.88 —0.38 2.71 2 0.88 1 0.87
9 2 2 1 0.94 0.06 0.12 2.8 0.94 0 0.12
10 2 2 1 0.97 0.03 0.06 3.6 0.97 0 0.05
Sum = 7.43 2 *Sum = 8.77
Note. Npj; = number of individuals responding correctly in bin h to item i, Np; = number of individuals in bin h for item i, Op;1 = proportion of

correct responses in bin h, = predicted proportion of correct responses in bin h to item i, ry; = bin-level residual, 8,; = average ability estimate in

bin h for item /.

residual. While the statistical approaches are numerous in
number, they all follow one of two general approaches: a chi-
square approach and a likelihood-ratio approach. We first
present these two general approaches and then describe spe-
cificfitindices in the context of these two general approaches.
The chi-square approach to evaluating model-data fit in
dichotomous items is given by the general form of

2

where N,,; represents the number of people in bin /2 responding
to item 4. The chi-square statistic in (4) represents the sum
of squared, standardized residuals, where the standardized

residual is W/.\/m .

Notice that the chi-square approach embeds the bin-level
residuals directly in the equation, such that as the residuals
increase, so too do the values of the chi-square statistic.

The likelihood-ratio based statistic for dichotomous items
is given by the form

H
LR; =2 | Nyl Vi1
Npyi Puin

h=1

Niio >:|
+ Ny;0ln (— , (5)
o Nyi (1 = Pyir)

where N1 and Ny, represent the number of people in bin
h answering item ¢ correctly and incorrectly, respectively.
While at first glance the formula for LR; does not appear
to involve residuals, some minor algebraic manipulation re-
veals that the natural log of residuals is involved. The term

In( Nl}?jh}iilul Jexpands to In (Ny,;1) — In(Ny; Priq), which is the
natural log of observed bin-level correct responses less the
natural log of expected bin-level correct responses.

All of the widely adopted indices and tests of model-data fit
adopt either the chi-square or the likelihood-ratio approach,
shown above in (4) and (5). The differentiating properties of
the various indices and tests of model-data fit are based on
two primary dimensions. The first dimension is the manner in
which bins are defined. The bins can be defined in several dif-
ferent ways, from having each individual serving as a unique
bin, to having bins defined according to a particular number
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of individuals. The second dimension is the manner in which
Pyi1 is computed. Figure 4 presents a taxonomy of fit statistics
according to the two dimensions described above. This tax-
onomy is intended to help the reader appreciate the subtle
differences between the various fit statistics in frequent use
in IRT. Each of these fit statistics is described below with
particular attention given to the statistic’s properties with
respect to each of these two dimensions.

Yen'’s Q; and Bock’s x*

Yen's @, (1981) and Bock’s x? (1960) follow the chi-square
approach of (4), but differ with respect to how each defines
the bin and how they compute the expected probability of
correct response for each bin. Yen's ¢, fixes the number of
bins to 10 (£ = 10), whereas Bock’s x> allows for any number
of bins. With respect to computing Py;; for each bin, Yen’s @
uses the average value of Pj;; for the individuals in the bin
and Bock’s x % uses the median value of P;;; for the individual
in the bin.

Both Yen’s @, and Bock’s x? evaluate the null hypothesis
of perfect model-data fit. These statistics are distributed as
chi-square with degrees of freedom (df) equal to the number
of bins (H) less the number of model parameters estimated
by the model. For instance, the 3PL estimates three item
parameters resulting in df = H — 3. Yen’s ¢; and Bock’s
x % are not standard output in any commercial IRT software
packages, despite being presented in a range of widely cited
sources (see Kang & Chen, 2008; Orlando & Thissen, 2000;
Reise, 1990; Sinharay, 2005; Stone & Zhang, 2003).

One common criticism of Yen’s @; and Bock’s x? is their
use of ability estimates (6) for creating bins of people. As
Yen (1981) discusses, a poorly fitting model could result
in biased ability estimates. Thus, binning on biased ability
estimates may provide an invalid item-fit statistic. Further,
model-dependent & values prevent the true distribution of
the chi-square approach from being known, with uncertainty
in the correct number of degrees of freedom for these tests
(Orlando & Thissen, 2000). Another limitation is the manner
in which bins are created (with arbitrary cut points to
place approximately equal numbers of individuals in each
bin), resulting in a sample-dependent statistic (Orlando &
Thissen, 2000). Very high Type I errors were also found with
these statistics, particularly for short test lengths (Stone &
Hansen, 2000; Stone, Mislevy, & Mazzeo, 1994; Stone & Zhang,

Educational Measurement: Issues and Practice



§ 0.5
4]
&=
0 i = - - . - - - 1
-3.5 =27 -1.9 -1.1 0.3 0.5 1.3 2.1 29 37
Ability (8)
1
8
g 0.5
4]
=
=35 =27 -19 -1.1 0.3 0.5 13 21 29 3.7
Ability (8)
1
2
Eos
8]
=
0 H
35 2.7 -19 -1.1 0.3 0.5 13 21 29 37
Abity (6)
1
g 0.5
4]
=

-3.5 =27 19 -1l -03 05 13 21 29 37
Ability (8)

-------- Empirical IRF (Bin-Level Observed Proportion Correct)
—— Probability of Correct Response (IRF)
FIGURE 3. Empirical IRFs for an item following the Rasch model.

2003). These limitations highlight the need for alternative
approaches for creating bins that are not based on 6.

Numeric example. ~ To provide a numeric example of Yen'’s
@ and Bock’s x2, let us consider the data presented in
Table 1, which have been grouped into 10 bins in Table 2

Fall 2015

(which follows the specific guidelines of Yen's ;) result-
ing in two individuals per bin (N, = 2). Applying the
chi-square approach of (4) requires the following informa-
tion for each bin: (a) the observed proportion correct, Oy;1;
(b) the expected proportion correct based on the IRF for
correct response, Py;q; and (¢) the number of individuals in
each bin, V;;. Each of these values is reported in the left side
of Table 2. It is germane to note that although Yen’s @; and
Bock’s x? determine the expected proportion correct differ-
ently (mean value of P;; vs. the median value of Py;1), with
only two individuals per bin in our example, the mean and
median values of Pj;1 in each bin are identical. For each of the
10 bins, Table 2 presents the associated residual (7y,) and the
squared, standardized residual. The resulting value of Yen’s
@1 and Bock’s x? is the sum of the elements in the column of
squared standardized residuals. In this example, the values
of Yen'’s @; and Bock’s x? are identical, both equaling 7.43.
Because the Rasch model was used (having only a single item
parameter estimated) and employing 10 bins (H = 10) we
have df = 10 — 1 = 9, which results in a critical value of 16.9.
The value of Yen's @; and Bock’s x? (7.43) is less than this
critical value, resulting in insufficient evidence to reject the
null hypothesis that the data fits the model. This leads us to
conclude that the model is a reasonable fit to the data.

The ° Statistic

The G statistic (McKinley & Mills, 1985) adopts the
likelihood-ratio approach defined in (5). In applying the G*
statistic, individuals are binned according to their ability esti-
mate and any number of bins, similar to the approach taken by
Bock’s x2. The value of P;,;; for bin/ is defined as the probabil-
ity of correct response at the average value of & for the individ-
uals in the bin. G? is distributed as chi-squared, with degrees
of freedom equal to the number of bins, A. Commonly used
calibration software programs BILOG-MG (Zimowski, Muraki,
Mislevy, & Bock, 2003) and PARSCALE (Muraki & Bock, 1997)
use G? as the standard model-data fit statistic. As with Yen’s
@1 and Bock’s x2, the use of ability estimates to create bins
for computation of G* has drawn criticism (DeMars, 2005).

Numeric example. An example of the computation for G2
is presented in Table 2. For each bin, G* finds the average
value of  for the two individuals in each bin, and obtains Py;;
for each bin. For the first bin, the average estimated ability
is (—3.8—38.4)/2 = —3.6, Py;1 is determined to be 0.03, and
the element of G* for the first bin is 0.05. This is repeated for
each bin, then summed, and multiplied by 2 to arrive at G* =
8.44. For H = 10 degrees of freedom, the chi-square critical
value is 18.31, leading to the conclusion that the model-data
fit is adequate.

S—XandS — &

As previously discussed, Yen's @;, Bock’s x?, and G* have
the undesirable characteristic of relying on model-dependent
6 estimates. One approach for creating bins that are
f-independent is to define bins according to observed test
scores (e.g., summated scores) rather than 8 estimates (Or-
lando & Thissen, 2000). For instance, if an assessment has
15 items, there will be 14 bins representing those earning a
summated score of 1,2, ..., 12,13, 14 on the assessment. The
bins range from 1 to / — 1 because the probability of correct
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Statistic Approach Definition of Bins Definition of Py
. T . | Probablity of correct response
OUTFIT chi-square One individual per bin at individual’s value of B
INFIT chi-square One individual per bin Pr(')ba.bl} ty Of correct response
at individual’s value of 6
Yen's O chi-square 10 bins based on IRT | The mean value of Py for the
! q ability estimates individuals in the bin
Any number of bins Probablity of correct response
Bock’s 7 chi-square based on IRT ability at the median value of 8 for
estimates the individuals in the bin
Any number of bins Probablity of correct response
G likelihood ratio | based on IRT ability at the mean value of 8 for the
estimates individuals in the bin
S-X chi-square Summated score Obtal_ned using a recursive
algorithm
5-G* likelihood ratio | Summated score Obtal_ned usIng a recursive
algorithm

FIGURE 4. Taxonomy of traditional model-data fit statistics.

response for an item is always zero at a summated score of
0 (in which a person answers no items correct) and is al-
ways 1 at a summated score of / (in which a person answers
all items correct). Applying this approach to the chi-square
form of Equation (4) yields the S — X? statistic, and ap-
plying this approach to the likelihood-ratio approach of (5)
yields the S — G? statistic. For both § — X? and S — G2,
df =1 — 1 less the number of model parameters estimated
by the model. For instance, for a 15-item test, with the item
of interest estimated using a 3-PL,df =156 — 1 — 3 =11.
Orlando and Thissen (2000) argued that because the ex-
pected proportion of correct responses from the IRF is based
on model-dependent ability estimates, the statistic’s distribu-
tion is unclear and conclusions drawn from these statistics
may be invalid. To address this issue, S —X? and.§ — G* com-
pute Py;1 using arecursive algorithm. The reader isreferred to
Lord and Wingersky (1984) for a description of this recursive
algorithm. The software program IRTPRO (Cai, Thissen, & du
Toit, 2011) provides the values of Py;; computed via this algo-
rithm required for the calculation of § — X? and § — G* and
IRTPRO will compute values of S — X? for the practitioner.

Numeric examgﬁle. To illustrate the computation of S —
X? and S — G?, consider an assessment composed of five
dichotomous items, each item following a Rasch model. This
example does not follow from Tables 1 and 2 because total
scores are needed for computation of § — X? and .S — G* and
Tables 1 and 2 reflect data for only one item. Computation of
the expected proportion correct for this item (Py;1) results
in 0.82,0.97, 0.99, and 0.99 for observed score bins 1, 2, 3, and
4, respectively, with the observed proportion corrects 0.70,
0.90, 0.95, and 0.98 for observed score bins 1, 2, 3, and 4,
respectively. Assume that 10 individuals scored in each of the
possible observed score bins (;, = 10 for all ). Thus, S —
X? is computed

_ 2 . 2
oy _ 19 07 —0.82) (0.9 —0.97)
0.82 (1 — 0.82) 0.97 (1 —0.97)
(0.95 — 0.99)* (0.98 — 0.99)*
10 =9.55.
+ 0.99 (1 —10.99) " 0.99 (1 — 0.99)
(6)
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This value is then compared to a chi-square with 3 degrees
of freedom (df =7 —1 — 1 =5 -1 — 1). Because the
computed value of § — X? is greater than the critical value
(7.81), we reject the null, concluding there is evidence in
favor of model-data misfit.

OUTFIT and INFIT

Two related fit indices that follow the chi-square approach of
Equation (4) are OUTFIT and INFIT (Wright & Panchapake-
san, 1969). While these approaches are based on the same
general form of Yen’s @; and Bock’s x 2, they adopt a notably
different approach to bin definition. Both OUTFIT and INFIT
assign only one individual per bin, such that each individ-
ual serves as a unique bin (thus, # = N). Because of this,
the residual adopted in (4) for the chi-square approach is
the individual-level residual. In addition, because there is a
single individual per bin, the observed proportion correct for
each bin is simply the individual’s scored response to the item
(i.e.,00r1), and the value of Py;; is the value of the item’s IRF
for correct response at the individual’s estimated ability level.
OUTFIT and INFIT have been applied primarily in the context
of the Rasch model (Masters, 1982; Rasch, 1960/1980).

While OUTFIT and INFIT share the property of having one
individual per bin, and thus adopting the individual-level
residual of (2), they differ in how much weight they assign to
each individual. OUTFIT is computed using

OUTFIT; = % X7, (7N
where Xf is the general chi-square form represented in (4)
with one individual per bin (#,; = 1 for all #) and N repre-
sents the total number of individuals in the sample. Because
OUTFIT divides XZ-Z by N, OUTFIT is not actually a chi-square
statistic, but rather an index of the magnitude of lack of fit
that can be interpreted as the typical squared, standardized
residual in the sample.

Values of OUTFIT close to 1 indicate good model-data fit
and values much greater, or much less, than 1 indicate the
model-data fit is problematic. One suggestion has been to flag
an item as misfitting if OUTFIT is less than .6 or greater than
1.5 (de Ayala, 2009, pg. 53). The .5 and 1.5 suggestions are
general heuristics roughly based on critical ranges suggested
by Wright and Panchapakesan (1969), but researchers have
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found applying these heuristics might result in finding misfit
too frequently with large samples (de Ayala, 2009, pg. 53). Wu
and Adams (2013) also provide informative recommendations
regarding how OUTFIT and INFIT are interpreted.

The software Winsteps (Linacre, 2014) produces QUTFIT
as well as its transformation to a ¢ statistic. A transformed
¢ statistic less than —2 or greater than 2 would indicate misfit
(Bond & Fox, 2007; de Ayala, 2009). However, with very large
data sample sizes, these ¢ statistics have very little tolerance
for any deviation of item responses from the IRF predictions
and should be interpreted cautiously (Bond & Fox, 2007).

OUTFIT assigns each individual the same weight in its com-
putation, which can be a limitation because it can be heavily
impacted by the potential of very large individual-level resid-
uals of people for which the probability of correct response is
considerably low or considerably high. INFIT addresses this
limitation by assigning more weight to individuals having an
ability level (6) closer to the item difficulty value (b;). An
individual whose ability is close to the item’s difficulty should
give better insight into that item’s performance than an in-
dividual who has ability that is substantially different than
item difficulty. The weight assigned to each individual-level
residual is equal to the Rasch model information function
(see Hambleton et al., 1991 for an accessible description of
the information function) at the individual’s level of ability,
which is given by Py;1(1 — Py;1). This leads to INFIT being
less sensitive to extreme responses than OUTFIT (Bond &
Fox, 2007). For this reason, stronger consideration typically
is given to INFIT (de Ayala, 2009). The general heuristic for
flagging an item as misfitting using /NFIT is similar to that
used for OUTFIT; items are flagged when INFIT values are
less than .5 or greater than 1.5. Similarly, the transformed ¢
statistic is also provided for /NFIT in Winsteps, with values
less than —2 or greater than 2 indicating poor model-data fit.

Numeric example. To illustrate the computation of OUTFIT
and INFIT, consider again the hypothetical data in Table 1
containing individual-level residuals on an item for 20 people.
To compute OUTFIT, the residual for individual 1 is computed
viaz,; —Pyi1 = 0—0.02 = —0.02 and then squared (—0.02)% =
0.0004. This squared residual is standardized by dividing by
Pyi1 x (1 — Py;1) resulting in 0.0004/(0.02 x (1-0.02)) =
0.0196 = 0.0204. We repeat this process for each bin (where
each bin is a particular individual), multiplying by NV, = 1
in each bin. OUTFIT is computed by summing each squared,
standardized residual over all 20 bins (sum = 13.11) and
dividing by N = 20 to arrive at OUTFIT = 0.66.

To compute INFIT, each individual’'s squared residual is
summed over the N individuals (sum = 2.14). The product
of probability P,;; and (1 — P,;;) is also summed over the N
individuals (sum = 2.41). Finally, the ratio of the two sums
is taken to arrive at INFIT = .89. Using the general heuristic
approach, we see that both OUTFIT and INFIT fall inside the
appropriate interval (.5 to 1.5), indicating the fit of the model
to the data is adequate.

Bayesian Methods for Evaluating Fit

Bayesian methods have become increasingly popular in
educational measurement because of their flexibility in
evaluating complex models and the increased availability
of software for Bayesian estimation. Initial applications of
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Bayesian methods to IRT focused on parameter estimation
(see Kim & Bolt, 2007; Patz and Junker, 1999). Recently,
Bayesian methods have extended to the evaluation of model-
data fit in IRT (see Hoijtink, 2001; Sinharay, 2005, 2006;
Sinharay, Johnson, & Stern, 2006 for examples). In this sec-
tion, we describe Bayesian methods for evaluating model-data
fit.

The Bayesian paradigm is founded on the notion that model
parameters (e.g., a;, b;, ¢;) are treated as unknown, but have
a distribution that describes the probability that the param-
eter equals each possible value. For example, rather than
estimating a single point value for b; of the Rasch model
for a particular item, the Bayesian paradigm asserts that b;
can assume any one of many possible values, such that the
probability of b; equaling each value follows a probability
distribution. This probability distribution for a parameter is
referred to as the posterior distribution for the parameter
because it is generated after, or posterior to, collecting the
data. For example, the right-hand side of Figure b presents
the posterior distribution for a particular item’s value of b;.
The majority of the distribution falls between .5 and 1.7 and
we could say with some confidence that b; for this item is
somewhere in that range. In contrast, there is a much smaller
chance that b; for this item comes from the tails of the dis-
tribution; we couldn’t be very confident in a claim that b, =
—1.0, although it is possible.

Posterior Predictive Checks

One of the most flexible approaches for evaluating model-
data fit of IRT models is the use of posterior predictive checks
(PPC). The concept of PPC is analogous to comparing ob-
served and predicted responses in residual analysis. To con-
duct the PPC procedure, responses to the item in question are
simulated from the posterior distribution (these simulated
responses are denoted here by ™). The data is simulated
following the process illustrated in Figure 5 and described
below. An ability parameter is randomly sampled from each
examinee’s ability posterior distribution. This sampled abil-
ity value is then used in coordination with an item param-
eter which is sampled from the item’s parameter posterior
distribution (or parameters, depending on the model). The
combination of the sampled person ability and the sampled
item parameter(s) gives rise to a simulated item response.
Another set of values is then sampled randomly and used to
simulate another data set, which would likely arise from this
second set of sampled values. This process is repeated until
the desired number of ™ data sets are generated. Next, a
comparison is made between the simulated data set and the
observed data. If the simulated data sets are similar to the
observed data, the conclusion is that the model fits the data
well (Lynch, 2007).

To draw conclusions regarding how similar the simulated
data sets are to the observed data, tests using Bayesian
p values are available. Let 7'() be a statistic applied to the ob-
served data. The statistic 7'(+) could be any of the fit measures
previously defined, such as G or S — X, or other descriptors
of the data. The same statistic is then applied to each of the
simulated data sets (7'(2°™)). This results in one value of the
statistic for the observed data, 7'(«), and multiple values for
the simulated data, 7(#*™), one for each #*™. The Bayesian
p value is the proportion of simulated data sets whose
function values 7(x°™) are greater than or equal to that
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FIGURE 5. An illustration of the posterior predictive checks method.

of the function 7'(») applied to the observed data. Values
close to 0 or 1 indicate model misfit due to the systematic
differences between observed and simulated data. Typically,
Bayesian p values less than .05 or greater than .95 are used
to flag a misfitting item.

There is no limit on the number of statistics that could
be used to obtain Bayesian p values, illustrating the flexible
nature of the Bayesian method (Lynch, 2007). Careful consid-
eration should be given to the choice of 7'(2) used for the PPC
approach. For instance, Sinharay and Johnson (2003) found
that using the percentage correct (or percent response in a
category) as T'(x) was unable to detect item misfit. Toribio
and Albert (2011) investigated OUTFIT, Yen's @, G*, and
S — G, finding all performed equally well for evaluating
fit. Software for implementing Bayesian estimation meth-
ods for IRT have been made readily available, but user-
friendly software for PPC is still under development, with
most users relying on R packages, R script, or the BUGS
language.

Numeric example. To illustrate the PPC method, consider
a Rasch model fit to the data using Bayesian estimation meth-
ods. The item-fit statistic S — X* was computed for a partic-
ular item from the observed data, and the resulting value of
S — X? for this item was 7.35. This is the value of 7(z). Next,
100 simulated data sets were generated, and for each of the
100 simulated data sets, S — X? was computed, yielding 100
values of 7'(2%™) for the item in question. In this example,
96 of the simulated data sets had S — X? exceeding T'(z) =
7.35 of the observed data. The resulting Bayesian p value is
given by 96/100 = .96. This Bayesian p value is close to 1,
indicating that the simulated data do not look very much like
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the observed data, providing evidence that the model is a poor
fit of the data for the item in question.

Concluding Remarks

Because there is no unanimously accepted measure of model-
data fit, there is a need to evaluate model-data fit using sev-
eral sources (Sinharay, 2006; van der Linden & Hambleton,
1997). Providing evidence of model-data fit is a necessary but
not sufficient step to provide evidence that inferences from
educational assessments are being drawn in a valid manner.
Demonstrating model-data fit can contribute to a body of va-
lidity evidence. Only when the model is shown to be a good fit
of the data, can the practitioner be confident in the adequacy
of the inferences drawn.

This module presented several approaches to model fit.
To guide the understanding of these approaches, a taxonomy
has been introduced that makes explicit the differentiating
properties of these approaches. A number of examples of each
approach have been provided to illustrate its computation. Al-
though this module focused on model-data fit in the context
of dichotomous items, all approaches described here can be
readily extended to polytomous items. This includes both the
visual analysis of residuals, the traditional statistics for eval-
uating model-data fit, and the Bayesian approaches involving
the PPC approach.

The PPC methods are quite flexible, incorporating a wide
variety of hypotheses, but computational time can be lengthy
due to the required sampling procedures (which involves
a Markov chain Monte Carlo algorithm). With the prepon-
derance of complex models, the PPC might be the only
readily available option for practitioners (Sinharay &
Johnson, 2003). It is our hope that the practitioner now has a
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better understanding of the computation, use, and interpre-
tation of item-fit statistics.

Self Test

1. There are two general forms that traditional model-data
fit statistics follow. What are these two forms?

2. The individual-level residual can be a difficult measure
of model-data fit to interpret, even under good model-
data fit. What causes this difficulty in interpretation?

3. What is the difference between Yen’s @; and Bock’s x?
model-data fit statistics?

4. How do INFIT and OUTFIT define each bin?

5. What is the primary difference between INFIT and OUT-
FIT?

6. What is the difference between G* and S — G*?

7. Describe the concept of the posterior predictive check
for evaluating model-data fit.

Answers to Self Test

1. The two general forms are the chi-square and likelihood-
ratio.

2. The individual-level residual can never be zero, and
cannot be near zero for individuals having ability near
the item’s difficulty.

3. Yen's @, and Bock’s x? differ with respect to (a) how
they define the number of possible bins, and (b) how
they compute Py;;.

4. INFIT and OUTFIT define each individual as a unique
bin.

b. OUTFIT assigns equal weight to each individual, while
INFIT assigns weight to individuals in accordance with
how close the individual’s ability value is to the item’s
difficulty parameter.

6. While G* defines bins according to the estimated 6 and
Pri1 inaccordance with the mean value of the estimated
0 for the individuals in the bin, S — G* defines bins
according to the summated score and obtains Pj;; using
a recursive algorithm.

7. PPC is similar to residual analysis. However, with PPC,
observed data are compared to data simulated from pos-
terior distributions. A statistic, such as any of the tradi-
tional item fit measures, is used to compare the observed
and simulated data. When the statistic computed from
the simulated data is systematically different than the
observed value, we conclude model-data misfit.
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