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1.3 Designers

Meet the designers:

Jon Lehrfeld André A. Rupp
ETS Mindful Measurement

1.4 Welcome

Welcome to the
ITEMS Module!

The man to the left is Jet!

Along with the instructors
she will be guiding you
through the module content.
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Untitled Layer 1 (Slide Layer)

Welcome to the
ITEMS Module!

The man to the left is Jet!

Along with the instructors
she will be guiding you
through the module content.

1.5 Overview

In this module you will learn about
Hello %LearnerName the theory, estimation, and
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DM25 (Testlet Models, Version 1.0) 3/81



1.6 Target Audience

Target Audience

Anyone who would like a gentle statistical introduction to this topic:

« graduate students and faculty in Master’s, Ph.D., or certificate programs
« psychometricians and other measurement professionals

« data scientists / analysts

+ research assistants or research scientists

+ technical project directors

« assessment developers

However, we hope that you find the information in this module useful no matter
what your official title or role in an organization is!

1.7 Expecations ()

Let’s discuss expectations....
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1.8 Expectations (1)

ITEMS Modules in Context

B ST = 1=
Testlet Response
Theory andits
Applications

Department of Human Development and Quantitative

Methodology (HDOM)
HOWARD WAINER

Ul WANG

1.9 Learning Objectives

Learning Objectives

Perform testlet response model analysis

1 Describe key components of testlet response a,
: theory *  using selected computer programs
Understand key perspectives to conceptualize 5 Interpret the nature of testlet effects and

the associated model parameters

a testlet effect

Understand strategies for developing

Apply testlet response theory to scale &
" new testlet models

" construction
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1.10 Prerequisites

1. Foundations of unidimensional item response theory

2. Basic mathematical transformation functions (e.g., logarithms)

3. Foundations of Bayesian estimation

1.11 Module Citation

Module Citation

Module Citation

Jiao, H., & Liao, M. (2021). Testlet response models (Digital ITEMS Madule 25).
Educational Measurement: Issues and Practice, 40(3).
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FREE WEB RESOURCES
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1.12 Main Menu

Demo with OpenBUGS

Foundations of IRT Models
0 [20 Minutes]

o [20 Minutes]
»
E' 02 Testlet Models 05 Date _uvity o
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.
Estimaticn Qu 7es
05 [10 k' sutes]

03 [10 Minutes]

2. Section 1: Conceptual Foundations: IRT Models

2.1 Cover: Section 1
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2.2 Learning Objectives: Section 1

Learning Objectives

Understand basic dichotomous IRT 2 Understand basic polytomous IRT
+ models * models

3. Understand model assumptions

2.3 Conceptual Foundations-Item Response Theory

Conceptual Foundations: Item Response Theory

+ Item response theory (IRT)

v Dichotomous IRT models
v Polytomous IRT models

+ Logit vs. probit IRT models

» Hierarchical IRT model

= Assumptions for IRT models
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2.4 Item Response Theory

Item Response Theory (IRT)

+ A modern measurement framework that quantifies the relationship among an
item response and a person’s latent ability given item characteristics.

Item characteristic curves

Probability
o

0 2 4
Theta

adapted from httpsy//www.stata.com/features/overviewsirt/

+ A mathematical representation modeling the nonlinear relationship between

the probability of an item response, a latent ability level, and item parameters.

2.5 Item Response Theory Models

IRT Models

» The common IRT models include models for dichotomous responses
and polytomous responses.

» Common IRT models for dichotomous item responses:
¥ the Rasch measurement model

v" the two-parameter [RT model

¥ the three-parameter IRT model

» Common IRT models for polytomous item responses:
v the partial credit model
v the generalized partial credit model
¥ the graded response model

DM25 (Testlet Models, Version 1.0) 9/81



2.6 Topic Selection

A L

2.7 Bookmark: Dichotomous Models

@

L3

Dichotomous
Models

DM25 (Testlet Models, Version 1.0) 10/81



2.8 The Rasch Measurement Model |

The Rasch Measurement Model

+ Alatent logistic model modeling the nonlinear relationship
between the probability of an item response and a latent ability level
given an item difficulty parameter

+ Such a nonlinear relationship can be graphically represented in an
item characteristic curve (ICC) to show how an increase in latent
ability leads to an increase in the probability of a correct item
response given the specific item difficulty

+ The logit of a correct response is linearly related to the interaction
between a person's latent ability, 8, and the item difficulty, b

2.9 The Rasch Measurement Model Il

The Rasch Measurement Model

Logistic model Item Characteristic Curve
exp(8; — b;)
pij(xij = 116)) = m

1

R b e ECED)

Logit format

P.. | ' # ‘ ‘ j IThnla
In (1 —lP(-j) = (Bj = bl)

o
2 |

DM25 (Testlet Models, Version 1.0) 11/81



2.10 The Two-Parameter Logistic Model

The Two-Parameter Logistic Model

Logistic model Item Characteristic Curve

1

=18y —mm8 ——————
Ptf(xu I J') 1 +E‘Xp|—ﬂ‘(9j = b!)l

Logit format

P‘.
In (1_7‘})”) — a,-(ﬂj - b,)

2.11 The Three-Parameter Logistic Model

The Three-Parameter Logistic Model

Logistic model Item Characteristic Curve

1—¢i

i =18) =c+——F———
py(xij = 116;) C‘+1+exp[-ﬂi(9)‘b*’)]

Logit format

Pg‘ -G
ln(l — Pg}') = a;((ij — b[)
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2.12 Bookend: Dichotomous Models

This is the end of this topic.

Topic
Selection

2.13 Bookmark: Polytomous Models

A

Polytomous
Models
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2.14 Overview of Different Polytomous Models

Overview of Polytomous Models

Adjacent-category models
Graded response model (e.g., Samejima, 1969)
Madified graded response model (e.g.. Muraki, 1990)

Divide-by-total models

Partial credit model (e.g., Masters, 1982)
Generalized partial credit model (e.g., Muraki, 1992)
Rating scale model (e.g., Andrich, 1978)
Modified rating scale model (e.g., du Toit et al., 1999)
Nominal response model (e.g., Bock, 1972)

2.15 The Graded Response Model |

The Graded Response Model

2PL IRT model Graded Response Model
(g = 1165) = LSRR b)) _
i\ Xij {] 1+ EVF'[III(HT —b)] . Probab'\lity ofa peFSOn’S e

falling in or above a given category
k=1,2,.. mconditional on theta

+ Operating characteristic curve

exp|a;(6; — by
1+ explai(ﬂf = bik)]
» Category threshold represents the trait

level to respond at or above threshold k
with 0.5 probability.

Pix(0) =

DM25 (Testlet Models, Version 1.0)
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2.16 The Graded Response Model Il

The Graded Response Model
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FIG.5.1. Operating characteristic curves for five-category example item
under the graded response model.

2.17 The Graded Response Model Il

The Graded Response Model

Probability of a person’s raw item score-x fall in or above a given
category k=1, 2,..m conditional on theta

(0= h;
PL(8) = _e_xp[a[(ﬂj —tvk)] - Operating characteristic curve
1+ EX]J[(IE(BJ' = bik)]

Given three scores x=0, 1, 2 with 3 response options, the item is
treated as a series of 3-1=2 dichotomies: 0vs 1, 2; 0, 1 vs 2

Pix(8) = P (8) — Pi’(x-u)(e)
Category response curves: the
Pio(8) =1 —P;(6) probability of an examinee responding
. = in a particular category conditional on
Pu(6) = Pf;(8) — P,(6) f =

trait level.
Pi2(8) = P;(6) — 0

DM25 (Testlet Models, Version 1.0) 15/81



2.18 The Graded Response Model IV

The Graded Response Model

1.0 T T

o
=)

For any given theta value,
the sum of the response
probabilities is equal to 1.

Probability
o
[*2]

o
s

Trait Level

FIG.52. Category response curves for five-category example item under
the graded response model.

2.19 The Partial Credit Model

The Partial Credit Model

exp[X3-o(8) — bis)]

ix(6) =
Pel0) = S [T a6 — bis)]

0
0 —big) =0
where Z( is)
s=0

The point on the latent trait scale at which two consecutive category
response curves intersect.

+ Relative difficulty of each step.

Indicates where on the latent trait scale the response of one category
becomes relatively more likely than the previous category.

Masters (1982)
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2.20 The Reparameterized Partial Credit Model |

The Reparameterized Partial Credit Model

Assume three score categories: 0, 1, 2

The probability of getting a certain score is

t, = exp(6; — b; — dy,) t, = exp(26; — 2b; — dy, — d;,)
p(xi =0) = ﬁ
p(xi=1)= ﬁ
p(xp=2)= H:ﬁ

2.21 The Reparameterized Partial Credit Model Il

Category Response Curves

1.0 :

o
»

Probability
o
=)

e
»

0.2

00 1 1
-2 -1 0 1 2
Trait Level

FIG. 5.3. Category response curves for the example items under the par-
tial eredit model.

Embretson & Reise (2000)
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2.22 The Reparameterized Partial Credit Model Il

Category Response Curves

1.0 T

o
)

Probability
o
(0]

Trait Level

FIG.54. Category response curves for Item 3 (reversal) under the partial
credit model.

Embretson & Reise (2000)

2.23 The Reparameterized Partial Credit Model IV

Category Response Curves

1.0 T

ltem #5

o
©
1
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e
S
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N

Trait Level

FIG.5.5. Category response curves for Iltem 5 {(no reversal) under the par-
tial credit model.

Embretson & Reise (2000)
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2.24 The Rating Scale Model

The Rating Scale Model

exp [Zf‘g:u (Bj =+ Cs))]
Yk=0€Xp [Z’sc:u (Bj =¥ Cs))]

pix(0) =

\ Category intersection parameter

Item location parameter

0
where Z(G —(di+¢c))=0
5=0

Andrich (1978a, 1978b)

2.25 The Generalized Partial Credit Model |

The Generalized Partial Credit Model

exp[£3-0 ai(6; — bis)]

HEalel Zh=o exp[ oo ai(6; — bis)]
0
where Z a;(# —bi)=0
s=0

The point on the latent trait scale at which two consecutive category
response curves intersect.

Indicates where on the latent trait scale the response of one
category becomes relatively more likely than the previous category.

* The slope parameter indicate the degree to which categorical
responses vary among items as theta level changes.

Muraki (1992, 1993)

DM25 (Testlet Models, Version 1.0)
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2.26 The Generalized Partial Credit Model Il

The Generalized Partial Credit Model
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itemm #6

Probability
o o o
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Trait Level

FIG. 5.7. Category response curves for Item 6 under the generalized par-

tial credit model.

1

2

3

A slope estimate
around 1

Muraki (1992, 1993)

2.27 The Generalized Partial Credit Model Il

The Generalized Partial Credit Model

1.0 .

o
@
T

Probability
(=]
(9]

0.4,

0.2

-3 -2 -1 0
Trait Level

FIG.5.8. Category response curves for Item 5 under the generalized par-

tial credit model.

DM25 (Testlet Models, Version 1.0)

A slope estimate
smaller than 1

Muraki (1992, 1993)
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2.28 The Generalized Partial Credit Model IV

The Generalized Partial Credit Model

1.0 T T 1

o
=)

Probability
o
[+

A slope estimate

0.4 larger than 1

-3 -2 -1 0 1 2 3
Trait Level

FIG. 5.9. Category response curves for Item 9 under the generalized par-
tial credit model.

Muraki (1992, 1993)

2.29 Logit vs. Probit Models |

Logit vs. Probit Models

+ Both logit and probit link functions can be used in IRT modeling.

» The difference between the probit and logit probabilities are minimal.

|®(x) — ¥(1.7x)| < .01 for all x

+ By adding a scaling constant of 1.7, the probit link function can
approximate the probit link function.

DM25 (Testlet Models, Version 1.0)
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2.30 Logit vs. Probit Models Il

Logit vs. Probit Models

Logit Link Probit Link
The Rasch Measurement Model One-parameter Probit Model
8 — b
s Ry =00 ~h)
Two-parameter Logistic (2PL) Model Two-parameter Probit (2PP) Model
g el —hl Py = @[a;(8; — b

Y7 1+ explas(6) - b))

Three-parameter Logistic (3PL) Model Three-parameter Probit (3PP) Model

ie'ibi o . -
Pj=¢+(1 —Ci)% Pij =¢;F (= LE)(D[G,;(GJ: — bi)]

2.31 Logit vs. Probit Models Il

Logit vs. Probit Models

Logit Link Graphically Probit Link Graphically

3PL Example

ai(9)-s,) ]
1) = et (1 — oy e5Plai(6; — b)) i 4 J’ z") .
p(xy =118) =+ - ) o oy plx=118) =+ (1 @) 5= um( 5 ) dz

—m
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2.32 Probit Approximation for Logit Link

Probit Approximation for Logit Link

One-parameter Logistic Model (but approximately on the probit scale)

e exp[1.7(6; — b;)]
Y1+ exp[l.?(ej - b)]

Two-parameter Logistic (2PL) Model (but approximately on the probit scale)

_exp[1.7a;(8; — b;)]
Y71+ exp|1.7a;(6; — by)]

Three-parameter Logistic (3PL) Model (but approximately on the probit scale)

exp[l.?ai((?j = bl)]

PU' =c+ (1-¢) 1+ Exp[1-7ﬂf(9j . bi)]

2.33 Bookend: Polytomous Models

This is the end of this topic.

Topic
Selection
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2.34 Bookmark: Model Assumptions

A =&

Model
Assumptions

2.35 Assumptions for IRT Models

Assumptions for IRT Models

= Unidimensionality

- Local independence
v" Local item independence-no item clustering

v" Local person independence-no person clustering

« Mathematical function for different models
v" Equal discrimination
v No guessing

v" No slipping

= Non-speeded test

» One latent population

DM25 (Testlet Models, Version 1.0)
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2.36 Local Independence

Local Independence

Local item independence

I
pU= u, ‘9! Y= ” plu, |9l‘ )= p(fq|9’ ) plu, Hf )...p(, |6'.’)

i=1

Local person independence

p, =u,

0.)...pu,

0,)=11r,0)=p,|6)ptu, 0,)
: j=l

Local independence

n i
pU=u,0 )= n ]_[p(u“ 9{)
i=1 i=1

(Embretson & Reise, 2000; Reckase, 2009)

2.37 Violations of Local Independence

Violations of Local Independence

+ Violations of local item independence
O Item clustering due to manifest item grouping variables
v Passage dependence
¥ Item chaining
O Latent item grouping variables
v Latent item grouping measuring different dimensions of a latent construct
pe
* Violations of local person independence
O Person clustering due to observed grouping variables
¥ Cluster sampling
v Stratified sampling
0O Person clustering due to unknown latent grouping variables
v Different problem-solving strategies
¥ Latent differential item functioning

This ITEMS focuses on local item dependence!

DM25 (Testlet Models, Version 1.0)
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2.38 Causes of Local Item Dependence

Causes of Local ltem Dependence

+ Passage dependence
v Passage-based reading comprehension test
¥’ Scenario-based science test
¥’ Table/graph-based math test
+ Item chaining (intentional)
¥ Multi-part items with order dependency
+ Explanation of previous answers (unintentional)
¥ Item clueing
+ Item or response format
¥ Multiple-choice vs constructed-response items
+ Content, knowledge, abilities

v" Content clustering in science tests

(Hoskens & De Boeck, 1997; Yen, 1984)

2.39 Bookend: Model Assumptions

This is the end of this topic.

Topic
Selection
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2.40 Summary

= IRT assumptions, including local item independence

- Causes and negative impacts of local item dependence

= Formulations of dichotomous and polytomous IRT models

- Differences in the logit and probit representations of IRT models

2.41 Bookend: Section 1

This is the end of this section.

Topic
Selection
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3. Section 2: Testlet Models

3.1 Cover: Section 3

Hello

%LearnerName2%!

3.2 Learning Objectives: Section 3

Learning Objectives

Introduce testlets and the need for a
1. spedial framework to deal with local 2
item dependence

Understand three different ways of
* conceptualizing testlet models

Explain the need to extend testlet
3. models for complex local item
dependence
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3.3 Topic Selection

D -

Topic
Selection

References (Slide Layer)

References

+ Hoskens and De Boeck (1997) and Tuerlinckx and De Boeck (1999) modeled item
main effects and item interaction effects to account for LID: a constant
Interactlon model and a dimenslon-dependent Interaction madel,

Ip (2002} set up the reproducible and nonreproducible local dependence
kernels to model LID based on conditional distributions describing
multiple item responses as a function of ability without assuming local
independence.

Wang, Cheng, and Wilson (2005) used a multidimensional item response
model to detect specific forms of LID for iterns across tests connected by
common stimuli.

Bayesian random-effects testlet models (Bradlow, Wainer, & Wang, 1999;
Du, 1998; Wainer & Wang, 2000; Wang, Bradlow, & Wainer, 2002)

developed to incorporate a parameter into unidimensional item response
models, which indicates the interaction between person and item cluster.

Rasch testlet model (Wang & Wilsan, 2005) as a special case of
multidimensional random coefficients multinomial logit model.

Multilevel one-parameter testlet model (Jiao, Wang, & Kamata, 2005} in the
framework of hierarchical generalized linear model.

- o e - o - e g em
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3.4 Bookmark: Introduction

Introduction

3.5 What Is A Testlet

What Is A Testlet?

A testlet or an item bundle refers to a common stimulus with a
cluster of items constructed around it.

Some examples include passages in reading comprehension tests,
scenarios in science assessment, tables or graphs in math
assessment.

In innovative assessment such as game-based or simulation-based
assessment, testlets are the building blocks for creating a
situational context for an assessment purpose.

Testlets are common test construction units in many large-scale
assessment programs such as PISA.

The use of testlets helps to create an authentic context or situation
to assess higher-order thinking skills.

The use of testlets in general enhances the validity evidence
collected in the process of assessment.

DM25 (Testlet Models, Version 1.0)

30/81



3.6 Testlets and LID

Testlets and Local Item Dependence (LID)

+ The use of testlets may impose challenges in psychometric analysis

+ Items associated with the same stimulus are connected by the
common context

o ltem connection or clustering may affect an examinee's
performance on those items due to the common contextual
effects

o Thus, local item dependence (LID) or testlet effects may be
induced.

+ Local item dependence may negatively impact the quality of the

psychometric analysis results.

3.7 Potential Impact of Testlet Effects

Potential Impact of Testlet Effects

When local item dependence is present, it is likely to lead to:

«  OQverestimation of item discrimination

- Underestimation of item difficulty

» Overestimation of reliability, which may lead to early
termination of a computerized adaptive test (CAT) when
measurement precision is used for terminating a CAT

« Negative impact on equating results

DM25 (Testlet Models, Version 1.0)
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3.8 Approaches to Testlet Models

Approaches to Testlet Models

+ Random-effects modeling
¥v" The Bayesian random-effects testlet model

» Multidimensional modeling
v" The Rasch testlet model
v' The generalized testlet model-bifactor structure

* Multilevel modeling
v" Hierarchical testlet model

References (Slide Layer)

+ Hoskens and De Boeck (1997) and Tuerlinckx and De Boeck (1999) modeled item
main effects and item interaction effects to account for LID: a constant
Interactlon model and a dimenslon-dependent Interaction madel,

Ip (2002} set up the reproducible and nonreproducible local dependence
kernels to model LID based on conditional distributions describing
multiple item responses as a function of ability without assuming local
independence.

Wang, Cheng, and Wilson (2005) used a multidimensional item response
model to detect specific forms of LID for iterns across tests connected by
common stimuli.

Bayesian random-effects testlet models (Bradlow, Wainer, & Wang, 1999;
Du, 1998; Wainer & Wang, 2000; Wang, Bradlow, & Wainer, 2002)

developed to incorporate a parameter into unidimensional item response

models, which indicates the interaction between person and item cluster.

Rasch testlet model (Wang & Wilsan, 2005) as a special case of
multidimensional random coefficients multinomial logit model.

framework of hierarchical generalized linear model.

- o e - o - e g em
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3.9 Bookend: Introduction

This is the end of this topic.

Topic
Selection

3.10 Bookmark: Statistical Frameworks

A

Statistical
Frameworks

DM25 (Testlet Models, Version 1.0)
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3.11 The Random-Effects Testlet Model

The Random-Effects Testlet Model

* The two-parameter random-effects testlet model extends the
2PL IRT model by adding a random-effects parameter using
probit link function (Bradlow, Wainer, & Wang, 1999)

Py = cD[a,—(EJ)- -b; - }’jd(:‘))]

+ With logit link function:
1
1+ exp[-a;(6; — b; = Yju(o)]

i (xi; = 116, a0y @i b;) =

+ The testlet effect parameter, ¥ja() , is an interaction between
person and a testlet

o Constant for items associated with the same testlet

o Magnitude of testlet effect quantified by its variance

3.12 The Two-Parameter Logistic Testlet Model

2PL IRT vs 2PL Testlet Model

2PL IRT
P(Yij = 1) = lOglt_l(lU)
tiy = a;(6; — b;)

2PL Testlet Model
P(Y;; = 1) = logit™*(t;;)

Lij = a,(Bj — b; _

DM25 (Testlet Models, Version 1.0) 34 /81



3.13 The Rasch Testlet Model |

The Rasch Testlet Model

» Formulated from a multidimensional perspective

(Wang & Wilson, 2005)

1

» Proposed as a special case of multidimensional random
coefficients multinomial logit model by adding an
additional dimension related to each testlet

pij (% = 116, 7, b;) =

1+ (:‘Xp[—(@_,' * Y —

b))

» The ConQuest syntax on the next slide graphically shows
the formulation of the multidimensional structure

3.14 The Rasch Testlet Model Il

The Rasch Testlet Model

General
Dimension

Testlet T

Dimension Dimension

Dimension

score (0,1) (0,1) (0,1) () () !items(1l);

score (0,1) (O,1) (Of1) () () !items(2);

score (0,1) (0,1) ( (0,1) () !items(3);

score (0,1) (0,1) (/) (o0,1) () ! items(4);

score (0 l) (0, 1) Y} () (0,1)!items(5);

score ( () ( (0, 1? I items(6);
Te:,llel 2 Tesﬂel =

DM25 (Testlet Models, Version 1.0)
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3.15 The Generalized Testlet Model as a Bifactor Model

The Generalized Testlet Model as a Bifactor Model

- Testlet effects can be modeled as bifactor structure by treating
each testlet effect as a secondary dimension

(LI, Bolt, & Fu, 2006; Rijmen, 2009)

1
1+ exp[—(aib',- + Qa¥ja@) — bi)]

pi;‘(xfj = 'lmr']’frhf) =

- General factor represents the latent ability a test intends to
measure while secondary factors are related to testlet effects

= Secondary factors account for within-testlet local item
dependence (LID)

3.16 The Hierarchical IRT Model

The Hierarchical IRT Model

Reparameterization as hierarchical generalized linear
model (HGLM) tadams, wilson, & wu, 1997; kamata, 1988, 2001)

Reformulation of the Rasch model as a two-level HGLM

» Model parameters can be estimated using non-IRT
software programs such as SAS, HLM, Mplus

Descriptive IRT models can be expanded as explanatory
IRT models by adding covariates

-

Some psychometric issues such as DIF and explanations
of DIF can be dealt with using the HGLM version of IRT
models
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3.17 A Two-Level Rasch Equivalent Model

A Two-Level Rasch Equivalent Model

Person 1
Person 2
Person 3

Person 4

Person 5

Person 6

Level 1 Level 2

3.18 Parameterization of the Two-Level IRT Model

Parameterization of the 2-Level IRT Model

Level 1 model-item level Design matrix
Pij ‘100000
108(17 __):3oj+2ﬁq;‘xq|';‘ ‘010000
Pij =1 ‘001000
H P T T AN T
Level 2 model-person level i0 00010
900001
Boj = Yoo t Koy Baj = Yqo
The combined model The Rasch model
1 /‘7’ e _-_711\‘\
Py = Py = 10uby) = ——F———
1 +exp [_ (.“n} = (_Yuu = Yrro) l Lo EXPI '(8’- bi)]
=T b
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3.19 The Hierarchical Testlet Model

The Hierarchical Testlet Model

+ Model testlet effects as item clustering in a
hierarchical generalized linear model

(Jiao. Wang, & Kamata, 2005)

» The reformulation of the Rasch testlet model as a
three-level HGLM

3.20 A Three-Level Testlet Model

A Three-Level Testlet Model

 —
/llrm L)
N
Gy~
\
3
\llcl!l 3 s = .
(s ) —"
>_\._,_,,
e s )
L. .
P —
! s
\:cm:),
\~—

Level 1 Level 2 Level3
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3.21 Parameterization of the Three-Level Testlet Model

Parameterization of the 3-Level Testlet Model

Level 1 model-item level

k-1
Pidj
log (_'”_) = flogj + Z BaajXqiaj
1= piaj —

Level 2 model-item group/testlet level

Boaj = Yooj + Moaj  Bqaj = Yqo0j

Level 3 model-person level

Yoo; = Mooo + Wop, Yqoj = Mqo0

1

1+ exp[f(woo; = (~7o00 — "fq00) + uﬂdi)l

Pjgi =

3.22 Equivalence of Rasch and Three-Level Testlet Models

Equivalence of Rasch and 3-Level Testlet Models

: The 3 levels combined model

1

T + exp[—(wooj = (—Tfooo - quo) o uod;')]

{ The Rasch testlet model

Piai

~ L
1+ exp[—(6; — b; +¥jaw)]

P;g;
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3.23 Bookend: Statistical Frameworks

This is the end of this topic.

Topic
Selection

3.24 Bookmark: Extensions

A

Extensions
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3.25 Testlet Models for More Complex Local Item Dependence Issues in

Item Response Modeling

Testlet Models for More Complex LID Issues in IRT

» Dual local item dependence due to cross-classified clustering
structures from two grouping variables

+ Directional local item dependence in multi-part items

+ Between-testlet local item dependence in paired passages
¥' Compensatory testlet model
¥" Non-compensatory testlet model

» Simultaneous modeling of local item dependence and local
person dependence

3.26 A Cross-Classified Testlet Model for Dual LID |

A Cross-Classified Testlet Model for Dual LID

Example: Science Assessment |
| (Jiao, Wang, Wan, & Lu, 2009; Xie, 2014; Xie & Jiao, 2014)
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3.27 A Cross-Classified Testlet Model for Dual LID Il

A Cross-Classified Testlet Model for Dual LID

+ Items in a scenario-based science assessment might cluster
due to the use of scenarios and content clustering such as
physics, life science, earth science

= Items are cross-classified by scenarios and content domains

» Two testlet effect parameters, ¥js(i) and ¥jc(i) , are added into
the model to account for each type of testlet effects due to
scenario and content domain

1
1+ exp[—(6; — b; + ¥js@) + Yic)]

Pjdai =

3.28 Testlet Models for More Complex LID Issues in IRT

Testlet Models for More Complex LID Issues in IRT

» Directional local item dependence in multi-part items

v New item type developed for PARCC consortium tests, also called
evidence-based selected response (EBSR)

v* Starts with a traditional selected-response item followed by a
second selected-response item that asks students to show
evidence from the text to support their answer to the first item

» A conditional IRT model for directional local item dependence
based on item splitting (marais & andrich, 2008; Liao, Jiao, & Lissitz, 2016)
v Proposed for context-dependent items (galtrunas & Rica 2009a & 2009h)

v See also for response dependence (marais & Andrich, 2008; Andrich & Kreiner,
2010: Andrich, Humphry, & Marais, 2012)
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3.29 Item Splitting |

Item Splitting
Item 2 —
Recoded

Item 2 —

Original | ltem 2a | ltem 2b
1 1 1 1 X
22 0 1 X 1
3 0 0 X 0
4 0 1 X 1
5 1 0 0 X
6 1 1 1 X
7 1 1 1 X
8 0 0 X 0
9 1 0 0 X
10 0 1 X i

3.30 Item Splitting Il

Item Splitting

» IRT model for directional LID based on item splitting
(Marais & Andrich, 2008; Liao, Jiao, & Lissitz, 2016)

E)\'p[ﬂz(ﬁ'j —(by — :rd))]

Plazj =1l =x) = 1+ expla, (6; = (by = xd))]

+ Probability of second item conditional on getting first item wrong

explaz(6; = b))

Plx,;.=1 =0) = —m——m—m————
(xzy = 1z = 0) 1+ explaz(6; = b,)]

+ Probability of second item conditional on getting first item right

(Includes non-negative parameter d)

expla, (8; = (b2 — d))] :
1 + explay(6; — (b, — )]

P(xzj- = 1[,\'11 = 1) =
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3.31 LID in Paired Passages |

LID in Paired Passages

* Between-testlet LID in paired passages which are intentionally
made to be related to each other

* Dual LID due to two paired passages can be modeled using either
v' Compensatory structure, indicating that the higher level in one
testlet ability may compensate for the deficiency in the other
testlet ability
v" Non-compensatory structure, indicating that to answer an item
correctly, an adequate level of proficiency on both testlet abilities
is required to answer the item correctly

3.32 LID in Paired Passages Il

LID in Paired Passages
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3.33 Compensatory and Non-Compensatory Models

Compensatory and Non-Compensatory Models

A Non-Compensatory Two-Parameter Testlet Model

1
1+ exp[=(ay; * 6 + az; * yje = by)]

P(xijlalun‘.?t'bi'ﬂf']’;:) o l—[

A Compensatory Two-Parameter Testlet Model (Jiao & Shu, 2014)

1
T 1+ exp|—(ay; * 0 + az; * ¥y + @3i * ¥jr2 — b))

P(x.-'jlali-a'.’l" ﬂ31"bi'e;JerlJin3)

3.34 Dual LID and LPD

Dual LID and LPD

Simultaneous modeling of local item dependence (LID) and local person dependence (LPD):
* Modeling of local item dependence and local person dependence simultaneously
+ Person clustering effect is modeled by adding a group-specific ability parameter, Ug
+ Testlet effects are modeled as in the standard testlet model

1
- 14 exp[—(Bj + Vjt(i) + 99 — b,)]

P(-’Ciﬂbf-oj-}’;t-og)
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3.35 Four-Level Model for Dual LID and LPD

Four-Level Model for Dual LID and LPD

Jiao, Kamata, Wang, & Jin (2012)

3.36 Cutting-Edge Examples

Game- and Simulation-based Assessments

O Multidimensionality can be modeled using
v Compensatory multidimensional IRT model (reckase, 2009)
v" Conjunctive multidimensional IRT model Embretson, 1907

v" Cognitive diagnostic models

0 Local item dependence can be modeled using
v Latent variables (aimond et al., 2009; Levy & Mislevy, 2004)
v" Bayesian networks for directional LID gensen, 1996; pearl, 1933)

v Testlet models for contextual dependence (eradiow, wainer, & wang, 1999)

DM25 (Testlet Models, Version 1.0)

46 /81



3.37 Bookend: Extensions

This is the end of this topic.

Topic
Selection

3.38 Section Summary

Section Summary

+ Different formulation of testlet models
¥ Random-effects modeling
¥ Multidimensional perspective
¥ Formulation as a hierarchical level in multilevel modeling

+ Differences and similarities of the different perspectives to conceptualize
the testlet effects

+ More complex LID issues and the logic in developing extended models
¥ Local item dependence due to two grouping variables leading to cross-
classification structure
¥ Direction local item dependence in multipart items
v" Dual local item dependence in items associated with paired passages
¥ Concurrent modeling of local item and person dependence
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References (Slide Layer)

« Hoskens and De Boeck (1997) and Tuerlinckx and De Boeck (1999) modeled item
main effects and item interaction effects to account for LID: a constant
Interactlon medel and a dimenslon-dependent Interaction madel,

Ip (2002} set up the reproducible and nenreproducible local dependence
kernels to model LID based on conditional distributions describing
multiple item responses as a function of ability without assuming local
independence.

Wang, Cheng, and Wilson (2005) used a multidimensional item response
medel to detect specific forms of LID for itemns across tests connected by
common stimuli.

Bayesian random-effects testlet models {(Bradlow, Wainer, & Wang, 1999;
Du, 1998; Wainer & Wang, 2000; Wang, Bradlow, & Wainer, 2002)

developed to incorporate a parameter into unidimensional item response
models, which indicates the interaction between person and item cluster.

Rasch testlet model (Wang & Wilson, 2005) as a special case of
multidimensienal random coefficients multinomial logit model.

Multilevel one-parameter testlet model {Jiao, Wang, & Kamata, 2005} in the
framework of hierarchical generalized linear model.

3.39 Bookend: Section 3

This is the end of this section.

Topic
Selection
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4, Section 3: Estimation

4.1 Cover: Section 3

Hello

%LearnerName2%!

4.2 Learning Objectives: Section 4

Learning Objectives

1. Understand the basics of Bayesian estimation.

Demonstrate how to estimate model parameters for the
* testlet models in OpenBUGS.
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4.3 Summary

Overview

« Basics of Bayesian estimation

Bayes theorem
Specification of priors
Variable distributions
Convergence checks

LR

- Estimation of model parameters for a testlet model,
including both dichotomous and polytomous testlet models

4.4 Topic Selection

é &

Bayes’
Theorem

Convergenc Topic
AT Selection

Prior
Specifications
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4.5 Bookmark: Bayes' Theorem

A =&

Bayes’ Theorem

4.6 Bayes' Theorem

Bayes’ Theorem

P(A | B) — w The prabability of A conditional on B

P(X| B)P(e) The probability of latent ability conditional on

B (6 |X) = P(X) the observed item responses

. (Conditional) Likelihood X Prior 2 :
Posterior = - — ¢ Likelihood X Prior
Marginal Likelihood

DM25 (Testlet Models, Version 1.0)
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4.7 Bookend: Bayes' Theorem

This is the end of this topic.

Topic
Selection

4.8 Bookmark: MCMC Estimation

A
MCMC Estimation
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4.9 Markov Chain Monte Carlo (MCMC) Estimation |

Markov Chain Monte Carlo (MCMC) Estimation

« A Markov chain is a series of updated posterior distributions based
on prior distributions and the likelihood (or data).

Model parameter estimates are repeatedly sampled from their full
conditional posterior distributions over a large number of iterations.

A sequence of W(a vector of random variables) could be obtained as:
{Wﬂ, Wl,Wz, "',Wt, Wt+1}

Ateacht+ 1 state, Wit is sampled from a conditional distribution
of the current state, p(W*"*1[W"),

p(WH W) is the transition kernel k(W Wt

The transition kernel in IRT is

KI(8*, €5, (841, £541)] = p(8*+1|€4, V)p(£t+1 (6%, ¥)

4.10 Markov Chain Monte Carlo (MCMC) Estimation Il

Markov Chain Monte Carlo (MCMC) Estimation

Similar to joint maximum likelihood estimation method
where item and person parameters are estimated iteratively

There is no need of integration over
high-dimensional probability distributions

Time intensive Q
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4.11 Gibbs Sampler

Gibbs Sampler

Step 1: Initiate 059, -+, p o
Step 2: Generate new values at iteration 7 as follows:

01,i~7(01162-1,03,-1,",6p,i-1)
92,5"7’(92 161,i, 03i-1,"*, Hp.f—l)

Op,i~T(0p 61,0, 02+, Op_1,)

Step 3: Repeat until convergence.

& may denote an unknown parameter of interest, not
necessarily the ability parameter in IRT

4.12 Metropolis Hastings Algorithm

Metropolis Hastings Algorithm

Step 1: Establish the set of starting values for the parameters: 8/=°
Step 2: Set j = j + 1, and draw a set of candidate values, 8°,
from a proposal distribution

. m(0°ly) J.(8*"'|67)
Step 3: Compute the ratio r = 2@ 1[y) J,(87 105D and
determine whether it is smaller or larger than 1. Choose the smaller
of the two and denote it by
Step 4: Draw a random value u from a uniform distribution defined
over (0,1)
Step 5: Compare a with u. If a > u, then set 8/ = 6" : otherwise,
set @/ = g/-1
Step 6: Return to Step 2 until enough candidate values are sampled
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4.13 Other Sampling Methods

Other Sampling Methods

+ Adaptive rejection sampler for log-concave conditional distribution for theta
and item difficulty for item response theory models.

+ Slice sampling for item discrimination parameters with a lognormal prior.

+ All the sampling methods are automatically selected by OPENBUGS/
WINBUGS.

* The sampling methods are held in Updater/Rsrc/Methods.odc can be edited:

¥ For example, if there are problems with WinBUGS' adaptive rejection
sampler (DFreeARS), then the method "UpdaterDFreeARS" for "log
concave" could be replaced by "UpdaterSlice” (normally used for "real
non linear")

¥ This has been known to sort out some Traps. However, be careful and
don't forget to keep a copy of the original Methods.odc file!

4.14 Bookend: MCMC Estimation

This is the end of this topic.

Topic
Selection
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4.15 Bookmark: Prior Specifications

A =&

Prior Specifications

4.16 Specification of Priors |

Specification of Priors

+ Diffuse priors/flat priors
+ Informative priors

* Hyper priors

» Conjugate priors

DM25 (Testlet Models, Version 1.0)
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4.17 Specification of Priors Il

Diffuse Priors vs. Informative Priors

Probately Dereity

ap 0z o4 as a8

Prior Density

_-Nomalis.2)

Posterior Density

Normal(d 6., 08)

N
Notmal(d 4,12} / \ Y —  Prior = Momal(8.2)
i \ A —— Briorm Nommal(5. 2

z

3 7] s o 7 5

FIGURE 1. llustration of Prior and Posterior Density Functions for Unknown Mean () of Normal Distribution

Kim & Bolt (2007)

4.18 Specification of Priors Il

Hyper Priors

@ (x)

theta[j] ~ dnerm(mu,tau)
mu ~ dnorm(0,1)
tau ~ dgamma(1,1)
var < -1/tau

Normal Distributions

6 18 20

Gamma Distributions

Graphics from Wikipedia.org
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4.19 Specification of Priors IV

Conjugate Priors

TABLE 3
Some Familiar Univariate Conjugate Priors in Exponential Families®

Prior 7(0) Data Posterior m{81y)
e o3 sl ST +ou e’
mO) = N(p,1%) ¥, ~ N(0.g%) MOy =N— 0; " g2 =)
40t nt 4o
m(0) = Bera( o, B) Y = Bin(n.0) nOlyv)= Beta(a+ v.an+pf—v)
0) = Gamma(ce, [3) Y; ~ Poisson(8) ®81v) = Gamma(o +nv,(n+p~1y~!

R . n—1 (n—1)s?
m8) = InvGamma(a,B) Y~ Nu.8)  w(Bly)= ImvGanma(c + e — +p-hHh

Note.  In general, probability distributions that belong to an exponential family are the only ones
with natural conjugate prior distributions and the posterior will involve the sufficient statistic for 8 (see
Gelman, Carlin, Stern, & Rubin, 1995, p. 38, for details).

Rupp, Dey, & Zumbo (2004)

4.20 Specification of Priors V

Common Priors for IRT Models

= dnorm( i, 7 ) is the normal distribution or truncated normal
distribution with parameters g and t = 1/a2, (0, 0.001), as flat
prior: 8, b

« dnorm(u, T ) I(L, U) is the truncated normal distribution with
parameters u and T = 1/a%: a

+ Lognorm (,T ) is the log-normal distribution with parameters
uand T =1/0% (0,0.001), as flat prior: @

- dbeta(a,b) is the beta distribution with parameters a and b,
(0.001, 0.001), as flat prior: ¢, d

+ dgamma(a,s) is the gamma distribution, (0.001, 0.001), as flat
prior: @
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4.21 Bookend: Prior Specification

This is the end of this topic.

Topic
Selection

4.22 Bookmark: Convergence Checks

A

Convergence Checks
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4.23 Convergence Checks

Convergence Check

Convergence should be checked based on multiple criteria to make sure that
convergence was achieved before the model parameter estimates are monitored:

= Gelman-Rubin statistic (R) as modified by Brooks and Gelman (1998)
= Trace plots

= Quantile plots

= History plots

= Density plots

Details on R (Slide Layer)

Supplementary Details on R

Convergence is assessed by comparing within-chain (W) and between-
chain {B) variability over the second half of the chains.

The ratio R = B /W is expected to be greater than 1 if the starting values
were sufficiently different and can get close to 1 as convergence is
approached.

For practical purposes, convergence can be assumed if R < 1.05 (Lunn
et al,, 2000). Brooks and Gelman (1998) emphasized the importance of
ensuring not only that R has converged to 1 but also that B and W have
converged to stability.
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4.24 Bookend: Convergence Checks

This is the end of this topic.

Topic
Selection

4.25 Bookend: Section 4

This is the end of this section.

Topic
Selection
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5. Section 4: Demonstration Using OpenBUGS

5.1 Cover: Section 5

Hello

Section 4:

%LearnerName2%!

Demonstration
Using

OpenBUGS

5.2 Topic Selection

é &

Topic
Selection
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5.3 Bookmark: Preparing Script and Data

A =&

Preparing the Script
and Data

5.4 Model Specification |

Model Specification

S5« Data to be used

+ The Rasch testlet model
* Specification of priors

* Model identification

DM25 (Testlet Models, Version 1.0)
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5.5 Model Specification Il

Model Specification

5.6 Model Specification Il

Model Specification

DM25 (Testlet Models, Version 1.0)

Data to be used
The Rasch testlet model
Specification of priors

Model identification

Data to be used
The Rasch testlet model
Specification of priors

Model identification
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5.7 Model Specification IV

Model Specification

+ Data to be used

= The Rasch testlet model
+ Specification of priors

* Model identification

5.8 Model Specification V

Model Specification

In IRT models, the difference between latent trait and item difficulty predicts the
log odds. For the same log odds, different combinations of person trait and item
difficulty will make the same prediction. For example,

Py \
ln(l*P{j) —85(6}' —b!‘)

1.5=1(3-1.5)
1.5=1(2-0.5)
1.5 = 1(1-(-0.5))
1.5=2(1-0.25)

Anchor on either the person or item side
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5.9 Model Specification VI

Model Specification

* Data to be used
= The Rasch testlet model
* Specification of priors

* Model identification
(item side)

5.10 Model Specification VII

Model Specification

—— o SESesmTETEE| . pata to be used

fcation of priors

« The Rasch testlet model
* Specification of priors

* Model identification
(person side)
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ng in Data |

i

5.11 Read

Data

=
)
£

Read

Data read-in:

» Specify the number

of examinees and

tems

« List item responses

= Example assume

1000 examinees and

25 items

5.12 The Partial Credit Testlet Model |

1]
ar)
L]
()]
=
(1]
1o
o
(1]
Q@
[

Data read-in

=+ Specify the number

of examinees and

items

« List item responses

* Example assume

1000 examinees and

25 items

67 /81
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5.13 The Partial Credit Testlet Model |

The Partial Credit Testlet Model

Assume four score categories: 0,1, 2, 3
Recode scoresinto 1, 2,3, 4

The probability of getting a certain score is:

ty = exp(6; + Yja@y — bi — din), tz = exp(26; + 2yjqi) — 2b; — dy — diz),

and
t;! = exp(SE?J. + B}f}d(,j — 31)! — d” —-— dfz — di’j)

then:
)I‘(X'_U)_; ;rJr(X--:l):l—l
P Tt 1, & 1+t +ty+1t3
ta e t3
pr(XJ-, _2)_1+£1+t2+t3 Pr(xji —3)—

T+ + 1, + 1ty

5.14 The Partial Credit Testlet Model Il

The Partial Credit Testlet Model

- Testlet variances
+ Items nested with testlets as

+ hems1to 11—testler 1

+ lems 12 o 19—tester 2

*  Iems 20 to 28——testlet 3
» Testlet effect parameters
follow a normal distribution
with a mean of 0 an a standard
deviation to be estimated

+ Testlet variances follow an
inverse gamma distribution.

» Model identification
* Item side

+ Step parameters to be
constrained

+ Item responses
+ Startsat1

DM25 (Testlet Models, Version 1.0) 68 /81



5.15 Bookend: Preparing the Script and Data

This is the end of this topic.

Topic
Selection

5.16 Bookmark: Running OpenBUGS

A L Running OpenBUGS
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5.17 Running OpenBUGS |

Running OpenBUGS

e i e i e+ S@VE cOde in @ txt’ format or
‘.odc’ format
« Go to 'File'>'Open’ the file in
the location where it is saved

m——E Create codes in OpenBUGS
- Go to 'File’> ‘New' to open a
blank code page
M6l bE 1 et heta gammadi o) + Type in or copy the code

ammema 2 b 11111 s@xpi hetalie gammaZ(l bl )

ST +expiihetalisgamma3(i-b [

ammaS{-LI DI +exp(thetali+gammas(i-biT)

5.18 Running OpenBUGS II

Running OpenBUGS

« Check model
« Double click on ‘model’ to

: highlight the word

;I;_,,.] ~ dbern(p(j, « Goto

4o (- ‘Model'=>'Specification’
- an—- parmmatiit

]
for (iin 8:10) {
Bl - (£Xp((thetal) ~werwmeyrer g ssmporreewgy-GaMmmaZi

}
for (iin 11:15) [
Pl (exp((thetaflgamma3gl b1 +expi(thetafrgammaiit
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5.19 Running OpenBUGS III

Running OpenBUGS

+ Check model

+ Double click on ‘model to
highlight the word

e Spachcnn Tosl x

.-!;1~)-\—«—w,:\-:| ey « Goto
sgarmazgop] | == ool ‘Model'>'Specification’

o an

« Click on ‘check model’

ali - parmema 31"

i DT+ e hetafilegammad(i ¢

5.20 Running OpenBUGS V

Running OpenBUGS

« Double click on ‘'model' to
highlight the word

* Goto
‘Model'>'Specification’

+ Click on ‘check model’

» Double click on ‘list’, click
on 'load data’
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5.21 Running OpenBUGS VI

Running OpenBUGS

Double click on ‘model’ to

.

highlight the word

Go to 'Model'=>'Specification’

Click on ‘check model’

Double click on ‘list’, click on

‘load data’

Type in ‘num of chains’ ‘2’

Click on ‘compile’

5.22 Running OpenBUGS VI

Running OpenBUGS

Double click on ‘model’ to

e
-

0,0,1,0,0,1
1
0.1 *
0,0,
1,0,
1,1
0,0,0,0,
1,0,0,
1,0,
0,0, 1.1 L
0,0, 1,0,
0.1 1.1,
1,0, 1,0,
0,0, 0.0, L
1 11

% 0,0 X
#1,1.1,1,1,0,1,1,1,1,0,1,1,1,1,0,1,1,

| e |

DM25 (Testlet Models, Version 1.0)

highlight the word

Go to 'Model'>»'Specification’

Click on ‘check model’

Double click on ‘list’, click on

‘load data’

Type in ‘num of chains’ 2’

Click on ‘compile’

Click on ‘gen inits' to generate

initial values

72 /81



5.23 Running OpenBUGS Vil

Running OpenBUGS

5.24 Running OpenBUGS IX

Double click on ‘model’ to highlight
the word

Go to ‘Model'>'Specification’
Click on ‘check model'

Double click on ‘list, click on ‘load
data’

Type in ‘num of chains’ 2’
Click on ‘compile’

Click on ‘gen inits’ to generate
initial values

Click on ‘Inference’= 'Samples’ to
get 'Sample Monitor Tool'

In ‘'node’, type in the model
parameters to be tracked: theta, b,
mu, and var

Running OpenBUGS

[_.l... " .

var_gammal?] < 1Mauz
var_gamma(3) <- 18aul3 - .
i

DM25 (Testlet Models, Version 1.0)

Double click on ‘model’ to highlight the
word

Go to ‘Model'»'Specification’

Click on ‘check model’

Double click on list, click on ‘load data’
Type in ‘num of chains''2'

Click on ‘compile’

Click on ‘gen Inits' to generate initial values

Click on ‘Inference’? 'Samples’ to get
‘Sample Monitor Tool'

In ‘node’, type in the model parameters to
be tracked: theta, b, mu, and var

Click on ‘Model' 'Update’ to type in the
number of iterations, thinning, and
refreshing
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5.25 Running OpenBUGS X

Running OpenBUGS

This

DM25 (Testlet Models, Version 1.0)

Double click on ‘model to highlight the word
Go to ‘Model'>'Specification’

Click on ‘check model

Double click on ‘list, click on ‘load data’

Type in ‘num of chains' 2

Click on ‘compile’

Click on ‘gen inits’ to generate initial values

Click onInference’> 'Samples’ to get ‘Sample
Monitor Tool

In‘node’, type in the model parameters to be
tracked: theta, b, mu, and var

Click on ‘Model'> ‘Update’ to type in the
number of iterations, thinning, and refreshing

Click on ‘Update’, runtime will be shown when
iterations are completed.

is the end of this topic.
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5.27 Bookmark: Interpreting Output

5.28 Convergence Check |

Convergence Check
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5.29 Convergence Check Il

Convergence Check
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Convergence Check
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5.31 Convergence Check IV

Convergence Check
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5.32 Convergence Check V

Convergence Check
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5.33 Convergence Check VI

8 OpenBUGS
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5.35 Model Parameter Inferences Il

Model Parameter Inferences

* Nodes: mean of the posterio
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* Item difficulty
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5.37 Bookend: Interpreting Output

This is the end of this topic.
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5.38 Summary

« Preparing data and model
v" Defining testlet response model
v’ Setting priors

« Point-and-click interface to OpenBUGS

» Reading output
v" Diagnostics such as convergence checks
v Interpreting estimated model parameter values
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5.39 Bookend: Section 5

This is the end of this section.
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5.40 Module Cover (END)
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